We calculate the thermoelectric and thermal conductivity of Einstein-DBI system without the translational symmetry. We show that strictly, the thermal conductivity in the vanishing dissipation limit, k 2 → 0, is determined by the metric components evaluated at the horizon of the black hole. The temperature dependence of transport quantities are obtained for AdS 4 solution and for AdS 2 × R 2 solutions.
Introduction
After the advancement of gauge/gravity duality [1] , there has been an urge to understand the strongly coupled system through it. In this context, several attempts are made to calculate the transport quantities in various "theoretically motivated" condensed matter systems [2] , [3] , [4] and [5] .
In recent years, the computation of both the electrical conductivity as well as the thermal conductivity are studied for the charged system like Einstein-Maxwell system as well as the Einstein-DBI system 1 e.g., in [6, 7, 8, 9, 10, 11, 14, 15, 16, 17, 18, 21, 23, 25, 26, 27, 28, 29, 30, 31] without momentum dissipation. The calculations are mostly performed following [8] , where a flow equation of the electrical conductivity is obtained. Imposition of the in-falling boundary condition at the horizon gives the desired electrical conductivity at the horizon. Some of the calculations are also done following [6] .
Recently, Donos and Gauntlett [12] and Gouteraux [13] separately gave a prescription to calculate the conductivities with momentum dissipation. After which several calculations are performed to include the effect of momentum dissipation e.g., in [19, 20, 22, 32] .
In this paper, we shall report the calculation of the magneto-electrical conductivities, magneto-thermoelectric and magneto-thermal conductivities for Einstein-DBI-dilaton-axion system without the translational symmetry. Moreover, it is done in the case for which the (fluctuated) electric field is perpendicular to the background magnetic field.
It is being shown in [12] and [13] that in the presence of a finite background charge density, the transport quantities need to be calculated with dissipating momentum. In our calculation, the approach that we shall adopt is to find a conserved quantity with respect to the radial direction, which is usually the case in gauge/gravity duality. Use of the ohm's law give us the desired quantity for the electrical conductivity.
We would like to mention that with the result of [12] , it follows that in the absence of magnetic field the metric component h tx diverges as the momentum vanishes, k 2 → 0. In which case, the linear order in perturbation breaks down. Hence, the zero momentum limit is very subtle. However, in the presence of a magnetic field, none of the fluctuating metric components diverge and in fact one can study the perturbation to any order, consistently. So, in the presence of a magnetic field the zero momentum limit is possible.
For the Einstein-DBI system the calculation of the longitudinal electrical conductivity, longitudinal thermal conductivity and the longitudinal thermoelectric conductivity with dissipation is reported in [20] and the Hall electrical conductivity reported in [32] . In this paper, we report all the conductivities including the transverse thermal conductivity as well as the transverse thermoelectric conductivity, which are new. Moreover, we find the behavior of these quantities in two special cases in the low temperature limit.
It is shown in [12] that in the presence of a finite charge density and without magnetic field, if we fluctuate only one spatial component of the gauge field and one component of metric then the resulting longitudinal electrical conductivity can be divided into two pieces: one piece without the charge density and the other piece with charge density and momentum dissipation. In [19] , the authors have interpreted the part without the charge density that contributes to the longitudinal conductivity is coming because of the charge conjugation symmetry. The part that comes with charge density and momentum is due to dissipation. However, if we fluctuate along more than one component of the gauge field and the metric component then as seen in [20] and [22] by considering the example of Einstein-Maxwell system that such a decomposition of the longitudinal conductivity is not possible. Here we also demonstrate that such a decomposition is not possible for Einstein-DBI system. Also shown in [32] .
One of the interesting result that follows from the study is that the longitudinal component of the thermoelectric conductivity does not respect the charge conjugation symmetry, ρ → −ρ, in sharp contrast to the longitudinal component of the electrical and thermal conductivities. Moreover, the electrical and thermal conductivities remain invariant under ρ → −ρ and B → −B, but not the thermoelectric conductivities. Similar kind of feature is observed for the Einstein-Maxwell system in [20] and [22] .
Another interesting result that follows from our study is that the longitudinal thermal conductivity, κ xx , in the zero momentum limit, i.e., without dissipation, can be expressed completely in terms of the metric components calculated at the horizon of the black hole, see eq(49). In [24] , the authors considered a quantity, κ L = κ xx , which can be expressed completely in terms of the metric components for any value of the momentum when evaluated at the horizon of the black hole.
For the AdS 4 solution, the longitudinal electrical conductivity, the Hall conductivity as well as the longitudinal thermoelectric conductivity and the transverse thermoelectric conductivity are independent of temperature in the limit of vanishing momentum and at zero temperature. However, the longitudinal thermal conductivity and the transverse thermal conductivity depends linearly on the temperature in the limit of vanishing momentum and at low temperature.
At IR, in particular, for the AdS 2 × R 2 case, only the Hall conductivity as well as the thermal conductivities depends linearly on the temperature. The longitudinal electrical conductivity and the thermoelectric conductivities are constants.
The plan of the paper is as follows: in section 2, we shall introduce our system and obtain the necessary equations that the fields should satisfy. In section 3, we shall include the fluctuations, obtain the equations obeyed at the linear order in fluctuation. Then obtain the conserved electrical as well as the heat currents. We shall evaluate these currents at the horizon with the in-falling boundary conditions at the horizon. In section 4, we shall express the currents in terms of the electric field as well as the thermal gradient. From which, we shall read out the desired conductivities. In section 5 and 6, the AdS 4 solution as well as the AdS 2 × R 2 solution shall be presented by solving the necessary equations as obtained in section 2. Finally, we conclude in section 7.
The system
The action that we shall be dealing with has the following form
where Z 1 Z 2 , W 1 , W 2 and V are unknown functions of the scalar field φ. λ is a constant and is there for dimensional reason.
The equation of motion of the metric components that follows from it takes the following form
The equation of motion of the gauge field gives
where
The equations of motion of the scalar field, φ, is
2 Upon doing the following transformation,
2 (φ) with setting the tension of brane to unity, we can reproduce the action considered in [24] .
The equation of motion associated to χ 1 and χ 2 are
Ansatz: For our purpose, we shall consider an ansatz where the metric is diagonal and there could exists rotational symmetry along the x 1 − x 2 plane involving the x i 's in the metric. The abelian field strength and the scalar field is assumed to be of the following form
essentially, the metric components, scalar field and gauge fields are considered to be function of the radial coordinate only, the magnetic field, B, is constant. However, the pseudo scalar field, χ i 's, breaks the translational as well as rotational symmetry. For general solution with non-trivial value of the scalar field at IR and without the pseudo scalar field can be found in [16] . For simplicity, let us set
For such a choice of the ansatz the different metric components satisfy the following differential equations
where denotes derivative with respect to r. The solution to the gauge potential is
In order to calculate the conductivities, we need to find the electrical current and the thermal current. Then taking derivative of the appropriate currents with respect to the sources gives us the desired result.
Fluctuation and equations
Let us fluctuate the background solution following [12] :
where the fluctuating part of the metric and other fields shall be considered infinitesimally.
In particular, it has the following structure
Currents
We shall calculate two types currents, one associated to electrical type and the other associated to thermal type with the convention of setting 2κ 2 = 1.
Electrical currents:
The electrical current is very easy to calculate and follows mainly because the action as written down in eq(1) depends only on the field strength. Hence, after including the fluctuations, it follows trivially that the action is independent of the gauge potential, a x and a y . Moreover, the fluctuation to the metric components do not depend on the gauge potential, a x and a y . The conserved currents along x-direction and y-direction are
With little bit of calculation, one can check that the electrical currents are conserved, namely, it satisfies ∂ r J x = 0 and ∂ r J y = 0.
Heat currents: Let us calculate the conserved heat current associated to the metric fluctuation. In order to do so, let us start with following [12]
The derivative of Q x using the conservation of the electric current, ∂ r J x = 0, gives
Using eq(7) and eq(11), the quantity, ∂ r Q x becomes
(15) If we construct the following quantity
then it follows immediately
Explicitly, the form of the conserved heat current along x-direction takes the following form
Similarly, defining
(19) So the conserved heat current along y-direction, ∂ r Q y (r) = 0
At the horizon
We shall investigate the behavior of different fields and currents at the horizon, which shall allow us to compute the transport quantities at the horizon. If we consider the background to be a black hole then the function U (r) has a zero at the horizon, r h . Near to the horizon, it can be expanded as U (r) = U 0 (r − r h ) + · · ·, where U 0 is a constant. In which case, the Hawking temperature reads as
In-falling boundary condition: The boundary conditions for the different fields at the horizon of the black hole are as follows [12] :
Currents at the horizon: Since the electrical currents eq(12) and the heat currents eq (18) and eq (20) evaluated for any value of r are conserved. It means we can evaluate it at the horizon, in which case, we shall evaluate the transport quantities at the horizon. This simply suggests the currents at the horizon takes the following form
Moreover, the gauge potential at the horizon vanishes. In which case, the heat currents become
Behavior of h tx and h ty at the horizon: From the first two equations of eq (11) obeyed by the metric components h tx and h ty , it follows that at the horizon
The solution to these coupled algebraic equations are
It follows that in the zero momentum limit, the fluctuations to the metric components, h tx and h ty are finite. eq(24), we get
This definition of conductivities can be related to [5] by identifying the parameter ξ i with the temperature gradient as follows T H ξ i = −∂ i T H . The electrical conductivities are defined as the response of the electrical current to the electric field and reads as
The thermoelectric conductivities is defined as either the response of the electric current to the thermal gradient or the response of the heat current to the electric field and are
The thermal conductivity is defined as the response of the heat current to the thermal gradient for zero electric current, κ ij = κ ij − T H (ασ −1 α) ij , with
reads as
Ratio of Transport quantities
If we define the Hall angle for electrical conductivity as σxy σxx
, then for the present case it reads as
Similarly, for the thermoelectric case
Wiedemann-Franz relation: It says the ratio between the thermal conductivity with the temperature times the electrical conductivity is a constant for metal. Let us calculate such a ratio for the present case
The precise expression of such a ratio is not that very illuminating. However, in the zero momentum (dissipation) limit, it gives
α xy /B: It is reported in [5] that in cuprates the ratio α xy /B in the small magnetic field limit goes as inverse fourth power of temperature,
H . In our case, it goes as
Nernst Signal: It is defined as the ratio of the electric field to the thermal gradient times the magnetic field, following [5] as
This in the zero momentum limit becomes
In terms of charge density, ρ
Let us rewrite the expression of the conductivities which are written in terms of A t that appear in eq (27) , in terms of the charge density, ρ and it takes the following form
where Ω =
). All these expressions need to be evaluated at the horizon, r h .
Thermal conductivity: Let us recalculate the thermal conductivity, κ ij , but in terms of the charge density. In which case the result is not that very illuminating but to quadratic order in momentum, it reads as
The right hand side need to be evaluated at the horizon. Let us calculate another quantity as defined in [24] , κ L ≡ κ xx − T H α 2 xx /σ xx . This quantity, κ L , can be obtained from the thermal conductivity, κ xx , in the limit of small transverse electrical conductivity in comparison to the longitudinal conductivity, σ 2 xy < σ 2 xx . In which case, it takes the following form
Upon expanding it in the limit of small momentum, we get
Once again the right hand side need to be evaluated at the horizon. It is easy to see that κ xx and κ L matches only for vanishing momentum dissipation.
At the horizon:
It is easy to derive the the following differential equation obeyed by U (r) that follows from eq (7) with dependence on the charge density and magnetic field as
At the horizon the exact form of κ L as written in eq(44) can be re-written in terms of the function U (r) at the horizon as
In getting the second equality, we have used U 0 = 4πT H . This precisely matches with that obtained in [24] .
Lim k 2 →0 κ xx : In the limit of vanishing momentum, i.e., without dissipation, the longitudinal component of the thermal conductivity, κ xx (r h ) can be expressed completely in terms of the metric components at the horizon. It means without having any explicit dependence on the matter part. From eq(46), it follows in the vanishing momentum limit at the horizon
where the function, U (r h , k 2 = 0), means U (r) need to be evaluated at the horizon in the limit of vanishing momentum.
Example at UV
Let us find an exact solution to the system as written down in eq(1) in a very specific case, i.e., for the asymptotically AdS solution with constant dilaton, non-zero axion. In particular
where R is the AdS radius. In which case, the equation of motion for the dilaton and axion is satisfied. The equation of motion in respect of the metric component gives one first order differential equation for f (r) and one second order differential equation for f (r). It reads as
In fact, it is easy to check that these two differential equations are not independent of each other. The solution of the differential equation reads as
The effect of the momentum dissipation, k, appears in the metric through the function f (r). The gauge field has the following structure
Hawking Temperature: The Hawking temperature, T H , for such a solution reads as
In the low temperature limit, T H → 0, the solution to the size of the horizon reads
where r 0 and r 1 are two constants. In fact, there exists two different choices for which one can have r 0 and r 1 .
The choice of the constants for this case are
Choice
For this choice the constants are
It is interesting to note that for a such choice of the tension of brane, T 2 b = 4Λ 2 , one cannot take the zero dissipation limit, k 2 = 0.
In the low temperature limit: T H → 0
It is not very elegant to see the full temperature dependence of the transport quantities. So, we shall be looking at the low temperature limit of it.
In the k 2 → ∞ limit.
(59)
(60)
(62)
One of the interesting observation is that in the absence of any charge density, ρ → 0, the off diagonal component of the thermoelectric conductivity does not vanishes in contrast to electrical and thermal conductivity.
Example at IR
Let us construct a solution at IR, namely, AdS 2 × R 2 . The choice of the functions are
where z 1 , z 2 , ψ 0 and L 2 are constants. The function
In which case, it is easy to see that the equation of motion of the scalar field eq(4) gets satisfied automatically. The equation of motion of the metric components eq(7) gives
The solution is
. (67) The Hawking temperature for the present case reads as T H = r h /(4πR 2 2 ). Moreover, the electrical and thermal transport quantities behave in the following manner
(68) So, the thermal conductivity in the low temperature limit goes linear with temperature, κ ij ∼ T H .
Conclusion
It follows from the study of [12] that the perturbation of the metric component breaks down in the zero momentum limit without the magnetic field. In particular, in the absence of magnetic field the metric component h tx diverges 3 as the momentum vanishes, k 2 → 0. In which case, the perturbation in the metric component h tx breaks down. So the zero momentum limit is very subtle to consider as far as the perturbations are concerned. Moreover, the conductivity diverges in the said limit [12] and [13] . Here we show that in the presence of a magnetic field, the perturbation does not breakdown. A feature also observed in [19] , [20] and [22] There is an important but subtle difference between the electric current and the heat current at the horizon. Different components of the electric currents at the horizon depends explicitly on three different quantities (a) on the background charge density, ρ (b) on the fluctuation of the metric components, h tx and h ty (c) on the applied electric fields, E i and magnetic field, B. Whereas, the heat current at the horizon depends only on the fluctuation of the metric components, h tx and h ty . However, the metric fluctuations h tx and h ty at the horizon in turn depends on the charge density and applied electric field, magnetic field and thermal gradient.
We have obtained the transport quantities for Einstein-DBI system. The longitudinal part of which precisely matches with that obtained in [24] . The transverse part of the electrical conductivity matches with that reported in [32] . The transverse part of the thermoelectric conductivity as well as the thermal conductivity are new results.
We observed that the longitudinal thermal conductivity at the horizon in the zero momentum limit can be expressed completely in terms of the metric component in that limit. In [24] , it is shown that the longitudinal thermal conductivity at the horizon in a specific case, namely, when the transverse electrical conductivity is smaller than the longitudinal electrical conductivity, can be expressed in terms of the metric component at the horizon but with any value of momentum. The result of our study in the low temperature limit can be summarized in the table given above Table (1) . The exact momentum dependence is suppressed, for simplicity.
It is suggested in [5] that in the presence of a background magnetic field, a proper subtraction of the magnetization of the current and the energy magnetization need to be done in heat current, which we leave for future study. 
